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EXOTIC C∗-ALGEBRAS OF GEOMETRIC GROUPS
EBRAHIM SAMEI AND MATTHEW WIERSMA
Abstract. We consider a new class of potentially exotic group C*-algebras C∗(PF∗p(G)) for
a locally compact group G, and its connection with the class of potentially exotic group C*-
algebras C∗Lp(G) introduced by Brown and Guentner. Surprisingly, these two classes of C*-
algebras are intimately related. By exploiting this connection, we show C∗Lp(G) = C
∗(PF∗p(G))
for p ∈ (2,∞), and the C*-algebras C∗Lp(G) are pairwise distinct for p ∈ (2,∞) when G belongs
to a large class of nonamenable groups possessing the Haagerup property and either the rapid
decay property or Kunze-Stein phenomenon by characterizing the positive definite functions
that extend to positive linear functionals of C∗Lp(G) and C
∗(PF∗p(G)). This greatly generalizes
earlier results of Okayasu (see [30]) and the second author (see [37]) on the pairwise distinctness
of C∗Lp(G) for 2 < p <∞ when G is either a noncommutative free group or the group SL(2,R),
respectively.
As a byproduct of our techniques, we present two applications to the theory of unitary rep-
resentations of a locally compact group G. Firstly, we give a short proof of the well-known
Cowling-Haagerup-Howe Theorem which presents sufficient condition implying the weak con-
tainment of a cyclic unitary representation of G in the left regular representation of G (see [14]).
Also we give a near solution to a 1978 conjecture of Cowling stated in [10]. This conjecture of
Cowling states if G is a Kunze-Stein group and π is a unitary representation of G with cyclic
vector ξ such that the map
G ∋ s 7→ 〈π(s)ξ, ξ〉
belongs to Lp(G) for some 2 < p < ∞, then Aπ ⊆ L
p(G). We show Bπ ⊆ L
p+ǫ(G) for every
ǫ > 0 (recall Aπ ⊆ Bπ).
1. Introduction
There are two natural constructions of C*-algebras associated to a locally compact group
G: the full group C*-algebra C∗(G) and the reduced group C*-algebra C∗r (G). These two
constructions coincide exactly when the group is amenable. In particular, there may be C*-
algebras “between” C∗(G) and C∗r (G) when G is nonamenable. Such C*-algebras are known
as exotic group C*-algebras. More specifically, an exotic group C*-algebra of a locally compact
group G is a C*-completion A of L1(G) so that the identity map on L1(G) extends to proper
quotients
C∗(G)→ A→ C∗r (G).
If π : G→ B(Hπ) is a unitary representation of a locally compact group G and ξ, η ∈ Hπ, we
let πξ,η : G→ C be the matrix coefficient function defined by
πξ,η(s) := 〈π(s)ξ, η〉 .
One of the most interesting constructions of potentially exotic group C*-algebras is associated
to unitary representations that have “many” matrix coefficient functions belonging to Lp(G)
for some 1 ≤ p ≤ ∞. A unitary representation π : G → B(Hπ) is an L
p-representation for
1 ≤ p ≤ ∞ if Hπ admits a dense subspace H0 such that
πξ,ξ ∈ L
p(G)
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for every ξ ∈ H0. For 1 ≤ p ≤ ∞, the L
p-C*-algebra C∗Lp(G) is the completion of L
1(G) with
respect to the C*-norm ‖ · ‖C∗
Lp
(G) defined by
‖f‖C∗
Lp
(G) = sup{‖π(f)‖ : π is an L
p-representation of G}.
The Lp-C*-algebras for locally compact groups were first introduced by Brown and Guentner
in the case of discrete groups (see [6]) and have since been studied by many different authors
(see [5, 7, 8, 9, 15, 20, 21, 22, 23, 30, 32, 35, 36, 37]). We list a few properties these C*-algebras
possess.
• If 1 ≤ p′ ≤ p ≤ ∞, then the identity map on L1(G) extends to quotients
C∗(G)→ C∗Lp(G)→ C
∗
Lp′
(G)→ C∗r (G);
• C∗Lp(G) = C
∗
r (G) for each 1 ≤ p ≤ 2 (see [6]);
• C∗L∞(G) = C
∗(G);
• If C∗Lp(G) = C
∗(G) for some 1 ≤ p <∞, then G is amenable (see [6]).
Prior to our present work, the class of nonamenable locally compact groups G where the
C*-algebras C∗Lp(G) is well understood was quite small. The best known results regarding the
distinctness of the C*-algebras C∗Lp(G) for 2 ≤ p ≤ ∞ are the following.
Theorem 1.1 (Okayasu [30]). Let 2 ≤ d < ∞ and 2 ≤ p′ < p ≤ ∞. The canonical quotient
map C∗ℓp(Fd)→ C
∗
ℓp′
(Fd) is not injective.
Theorem 1.2 (Wiersma [37]). Let 2 ≤ p′ < p ≤ ∞. The canonical quotient map C∗Lp(SL(2,R))→
C∗
Lp′
(SL(2,R)) is not injective.
Theorem 1.3 (Buss-Echterhoff-Willett [9]). Let G be a simple Lie group with finite centre
and rank at least 2. There exists p0 ∈ [2,∞) so that C
∗
Lp(G) = C
∗
Lp′
(G) canonically for all
p, p′ ∈ [p0,∞).
Okayasu and the second author prove stronger results than stated in Theorem 1.1 and The-
orem 1.2, respectively. Indeed, Okayasu characterizes the positive definite functions on Fd that
extend to positive linear functions on C∗ℓp(Fd) and the second author characterizes the irreducible
representations of SL(2,R) that extend to a ∗-representation of C∗Lp(SL(2,R)). Theorem 1.1 and
Theorem 1.2 are easily deduced from these characterizations. Theorem 1.1 can be improved to
stating if G is a discrete group containing a non-commutative free group, then the quotient map
C∗ℓp(G) → C
∗
ℓp′
(G) is not injective for 2 ≤ p′ < p ≤ ∞ (see [36]), but there is no known char-
acterization of positive linear functionals on C∗ℓp(G) in this more general scenario. Theorem 1.3
shows Theorem 1.1 does not extend to the class of locally compact groups containing a closed
noncommutative free subgroup.
The proof of Theorem 1.1 is deeply connected with the fact Fd possesses both the Haagerup
property and the rapid decay property. Rather than being able to appeal to these properties di-
rectly, Okayasu had to retrace through and appropriately adapt the arguments from Haagerup’s
famous paper showing Fd possesses these two properties (see [17]). As such, Okayasu’s tech-
niques do not directly generalize to a much broader class of groups. In a similar vein, the
proof of Theorem 1.2 is deeply connected to the facts SL(2,R) has both the Haagerup property
and Kunze-Stein property. However, the second author needed to use results relying on tensor
product formulas for irreducible representations of SL(2,R) to prove Theorem 1.2 rather than
appealing to these properties directly. Since there are few groups whose representation theory
is as well understood as SL(2,R), these techniques cannot apply much more broadly.
This paper considers the universal C*-algebras for a class of ∗-semisimple Banach ∗-algebras
PF∗p(G) (1 ≤ p ≤ ∞) associated to convolution operators. These Banach ∗-algebras have recently
3been studied in connection to the Baum-Connes conjecture (see [24, 26]) and in the present
authors’ recent affirmative solution to the long standing open question that every Hermitian
locally compact is amenable (see [33]). At first glance over the definitions, one ought to expect
there to be no connection between the C*-algebras C∗(PF∗p(G)) and C
∗
Lp(G) for a locally compact
group G. In contrast, we show these two C*-algebras are intimately related and coincide in
many interesting cases for 2 ≤ p ≤ ∞. It is not known whether C∗(PF∗p(G)) and C
∗
Lp(G)
coincide in general for 2 ≤ p ≤ ∞. If these two constructions coincide, this equality would
provide a powerful tool for better understanding C∗Lp(G) since working with the definition of
C∗(PF∗p(G)) offers many technical advantages over working with the definition of C
∗
Lp(G). If the
two constructions do not coincide, then we have a new and extremely interesting class of exotic
group C*-algebras.
By appealing to the intimate relationship between C∗Lp(G) and C
∗(PF∗p(G)), we circumvent
the issues with the proofs of Theorem 1.1 and Theorem 1.2 preventing generalizations to larger
classes of nonamenable locally compact groups and show that if G is a nonamenable locally
compact group with either the rapid decay property or Kunze-Stein property, and G satisfies
a certain “nice version” of the Haagerup property, then C∗Lp(G) = C
∗(PF∗p(G)) for 2 ≤ p ≤ ∞
and the canonical quotient
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 1 ≤ p′ < p ≤ ∞ by characterizing the positive definite functions that extend
to positive linear functionals on C∗Lp(G) and C
∗(PF∗p(G)). In particular, we greatly generalize
Theorem 1.1 and Theorem 1.2. This “nice version” of the Haagerup property does not appear
to be much more difficult to obtain than the usual Haagerup property in practice.
The techniques introduced in this paper produce results beyond the realm of exotic group
C*-algebras. Indeed, our techniques give a short proof of the Cowling-Haagerup-Howe Theorem
about the weak containment of a cyclic unitary representation in the left regular representation
of a locally compact group (see Theorem 3.5). On the other hand, we also provide a near solution
to the following conjecture from Cowling’s famous 1978 paper on the Kunze-Stein Phenomena.
Conjecture 1.4 (Cowling [13]). Let G be a Kunze-Stein group. Suppose π : G → B(Hπ) is a
unitary representation of G admitting a cyclic vector ξ ∈ Hπ so that
πξ,ξ ∈ L
p(G)
for some 2 < p <∞. Then Aπ ⊂ L
p(G).
Cowling proved if G and π satisfy the hypothesis of the above conjecture, then Aπ ⊆ L
p+2(G)
(see [13]). We significantly improve this result of Cowling. (Recall Aπ ⊆ Bπ, see Section 2.2).
Theorem 1.5 (Corollary 5.5). Let G be a Kunze-Stein group. Suppose π : G → B(Hπ) is a
unitary representation of G admitting a cyclic vector ξ ∈ Hπ so that
πξ,ξ ∈ L
p+ǫ(G)
for some 2 ≤ p <∞ and every ǫ > 0. Then Bπ ⊆ Lp+ǫ(G) for all ǫ > 0.
2. Preliminaries and Notation
We begin by reviewing background and introducing notation that will be used throughout
the paper. Additional background will be introduced throughout the paper as required. Since
this paper draws upon a wide array of topics, we err on the side of caution and provide possibly
more background material than necessary.
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2.1. Symmetrized algebra of p-pseudofunctions. Let G be a locally compact group and
λp : L
1(G)→ B(Lp(G)) be defined by
λp(f)g = f ∗ g
for 1 ≤ p ≤ ∞. Then λp is a contractive representation of L
1(G) on Lp(G) and the norm
closure of λp(L
1(G)) inside of B(Lp(G)) is the algebra of p-pseudofunctions. Unfortunately, the
involution on L1(G) does not extend to an isometric map on PFp(G) in general for p 6= 1, 2,∞
and, because of this, researchers are beginning to consider a symmetrized version of PFp(G).
Let p, q ∈ [1,∞] be conjugate, i.e. 1p +
1
q = 1 and consider the (conjugate) duality relation
Lp(G)∗ ∼= Lq(G) given by
〈g, h〉 :=
∫
G
g(s)h(s) ds
for g ∈ Lp(G) and h ∈ Lq(G). A straightforward calculation shows if f ∈ L1(G), g ∈ Lp(G) and
h ∈ Lq(G), then
〈λp(f
∗)g, h〉 = 〈g, λq(f)h〉.
Hence,
(2.1) ‖λp(f
∗)‖B(Lp(G)) = ‖λq(f)‖B(Lq(G))
for every f ∈ L1(G) for all conjugate p, q ∈ [1,∞].
Let p ∈ [1,∞]. It is shown in [33, Propsoition 4.2] that the group algebra L1(G) is a normed
∗-algebra with respect to norm ‖ · ‖PF∗p(G) defined by
(2.2) ‖f‖PF∗p(G) := max{‖λp(f)‖B(Lp(G)), ‖λq(f)‖B(Lq(G))} (f ∈ L
1(G)),
and the standard convolution and involution on L1(G) where q ∈ [1,∞] is the conjugate of p. The
symmetrized algebra of p-pseudofunctions PF∗p(G) is the Banach ∗-algebra that is the completion
of (L1(G), ‖ · ‖PF∗p(G), ∗). It follows from [33, Propsotion 4.5] that PF
∗
p(G) is ∗-semisimple so
that it embeds injectively into its C∗-envelope C∗(PF∗p(G)).
Remark 2.1. (i) It is immediate that if q is the conjugate of p, then PF∗p(G) = PF
∗
q(G) isometri-
cally as Banach ∗-algebras, PF∗1(G) = PF
∗
∞(G) = L
1(G), and PF∗2(G) = C
∗
r (G). As mentioned
in the introduction, these algebras have been considered by Kasparov-Yu (see [24]) and Liao-Yu
(see [26]) in relation to Baum-Connes conjecture and by the present authors in the recent affir-
mative solution to the longstanding question of whether every Hermitian locally compact group
is amenable (see [33]).
(ii) One can equivalently define the norm ‖ · ‖PF∗p(G) by
‖f‖PF∗p = max{‖λp(f)‖, ‖λp(f
∗)‖}
for f ∈ L1(G), but this is typically less useful than the previous definition since interpolation
techniques tend to be more easily applied to Equation (2.2).
We will need the following result about the symmetrized p-pseudo functions.
Lemma 2.2. Let G be a locally compact group.
(a) If 1 ≤ p1 < p2 < p3 ≤ ∞, then
‖f‖PF∗p2 (G)
≤ ‖f‖1−θ
PF
∗
p1
(G)‖f‖
θ
PF
∗
p3
(G)
for every f ∈ L1(G) where θ ∈ (0, 1) is the solution to 1p2 =
1−θ
p1
+ θp2 .
5(b) If 2 ≤ p′ ≤ p ≤ ∞, then the identity map on L1(G) extends to a contractive injection
PF∗p(G)→ PFp′(G).
Lemma 2.2 was proved by the present authors in [33]. Lemma 2.2(b) is given by [33, Propo-
sition 4.5] whereas Lemma 2.2(a) is contained in its proof. Though we will not use the fact that
the map described in Lemma 2.2(b) is injective, it is nice to know that this implies the identity
map on L1(G) extends to an injective ∗-homomorphism PF∗p(G)→ C
∗
r (G) is injective for every
1 ≤ p ≤ ∞. This, in particular, implies the identity map from PF∗p(G) into its enveloping
C*-algebra C∗(PF∗p(G)) is necessarily injective for each 1 ≤ p ≤ ∞.
2.2. Fourier-Stieltjes algebra. The results in this subsection are standard and can all be
found in [1] unless a reference is given elsewhere.
Let G be a locally compact group. The Fourier-Stieltjes algebra of G is the set all matrix
coefficent functions of G
B(G) := {πξ,η | π : G→ B(Hπ) is a unitary representation of G and ξ, η ∈ Hπ}.
The Fourier-Stieltjes algebra B(G) is a Banach algebra with respect to pointwise operations and
norm
‖u‖B(G) := inf{‖ξ‖‖η‖ : u = πξ,η for some unitary representation π : G→ B(Hπ), ξ, η ∈ Hπ}.
Then B(G) is naturally the dual of the full group C*-algebra C∗(G) via the dual pairing
〈f, u〉 :=
∫
G
f(s)u(s) ds
for u ∈ B(G) and f belonging to the dense subspace L1(G) of C∗(G).
Suppose A is a completion of L1(G) with respect to a C*-seminorm. Then A is canonically a
quotient of C∗(G) and, as such, A∗ canonically identifies with a weak*-closed subspace of B(G).
If π : G→ B(Hπ) is any representation of G, then the canonical dual of π(L1(G))
‖·‖B(Hπ) is
Bπ := span{πξ,η : ξ, η ∈ Hπ}
σ(B(G),C∗(G))
.
We further note that if π : G→ B(Hπ), then
Aπ := span{πξ,η : ξ, η ∈ Hπ}
‖·‖B(G)
is canonically the predual of the von Neumann algebra π(G)′′ and it is necessarily true that
Aπ is contained in Bπ. If π is a representation of G, then Bπ is the span of positive definite
functions in B(G) that are the limit of positive definite functions in Aπ in the topology of
uniform convergence on compact subsets of G.
In terms of notation, we will let BLp(G) and BPF∗p(G) denote the subspaces of B(G) corre-
sponding to the dual spaces of C∗Lp(G) and C
∗(PF∗p(G)), respectively, for 1 ≤ p ≤ ∞. Then
BLp(G) is an ideal of B(G) (see [37]).
2.3. Lp-representations and C*-algebras. We will require an estimate for ‖ · ‖C∗
Lp
(G). First
recall the following representation theoretic result.
Lemma 2.3 (Cowling-Haagerup-Howe, see proof of [14, Theorem 1]). If π : G → B(Hπ) is a
unitary representation of a locally compact group G and H0 is a dense subspace of Hπ, then
‖π(f)‖ = sup
ξ∈H0
lim
n→∞
〈
π
(
(f∗ ∗ f)(∗n)
)
ξ, ξ
〉 1
2n
for every f ∈ L1(G).
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This is the first step involved in the original proof of the Cowling-Haagerup-Howe Theorem (see
Theorem 3.5) and it will also be implicitly used in our proof.
The following proposition has been established in the case of discrete groups by Okayasu (see
[30]). The proof in the locally compact case is similar. We include it for the sake of completeness.
Lemma 2.4. Let G be a locally compact group. If 1 ≤ q ≤ p ≤ ∞ and 1p +
1
q = 1, then
‖f‖C∗
Lp
(G) ≤ lim inf
n→∞
∥∥∥(f∗ ∗ f)(∗n)∥∥∥
1
2n
Lq(G)
for every f ∈ Cc(G).
Proof. Suppose π : G→ B(Hπ) is an L
p-representation of G and H0 is a dense subspace of Hπ
so that πξ,ξ ∈ L
p(G) for every ξ ∈ H0. By Lemma 2.3,
‖π(f)‖ = sup
ξ∈H0
lim inf
n→∞
(∫
G
(f∗ ∗ f)(∗n)(s)πξ,ξ(s) ds
) 1
2n
≤ sup
ξ∈H0
lim inf
n→∞
‖(f∗ ∗ f)(∗n)‖
1
2n
Lq(G)‖πξ,ξ‖
1
2n
Lp(G)
= lim inf
n→∞
‖(f∗ ∗ f)(∗n)‖
1
2n
Lq(G).
Hence,
‖f‖C∗
Lp
(G) = sup{‖π(f)‖ : π is an L
p-representation of G} ≤ lim inf
n→∞
‖(f∗ ∗ f)(∗n)‖
1
2n
Lq(G).

Let G be a locally compact group. We will be considering a variant of the Lp-C*-algebra
C∗Lp(G). Fix 1 ≤ p ≤ ∞ and define a C*-norm ‖ · ‖C∗
Lp+
(G) on L
1(G) by
‖f‖C∗
Lp+
(G) := sup{‖π(f)‖ : π is an L
p+ǫ representation of G for every ǫ > 0}
= lim
ǫ→0+
‖f‖C∗
Lp+ǫ
(G).
We define C∗Lp+(G) to be the completion of L
1(G) with respect to ‖ · ‖C∗
Lp+
(G). Then
C∗Lp+(G)
∗ =
⋂
ǫ>0
BLp+ǫ(G)
canonically. This construction is also considered in [30] and [9].
2.4. Bilinear interpolation. Let (X,µ) be a totally σ-finite measurable space. For any non-
negative measurable function w on X and p > 0, we define (see [3, Section 5.4 and p. 115])
(2.3) Lp(w) = Lp(X,wdµ).
For 1 ≤ p0 < q < p1 ≤ ∞ and measurable functions w0 and w1 on X, we have the complex
interpolation pair
(2.4) (Lp0(w0), L
p1(w1))θ = L
q(w),
where 0 < θ < 1 and w is the measurable function satisfying
(2.5)
1
q
=
1− θ
p0
+
θ
p1
, w = w
q(1−θ)
p0
0 w
qθ
p1
1 .
We will use the following result on interpolation of bilinear maps.
7Theorem 2.5 ([10, Section 10.1]). Suppose (Ai,Bi) are interpolation pairs for i = 1, 2, 3 and
TA : A1 ×A2 → A3 , TB : B1 × B2 → B3
are bounded bilinear maps so that TA and TB coincide on (A1 ∩ B1) × (A2 ∩ B2). Set T :
(A1 ∩B1)× (A2 ∩B2)→ A3 ∩B3 to be the restriction TA (or TB) to (A1 ∩B1)× (A2 ∩B2). Fix
θ ∈ (0, 1) and let Ci = (Ai,Bi)θ, i = 1, 2, 3 be the interpolation of Ai and Bi with the parameter
θ. Then T extends to a bounded bilinear map
TC : C1 × C2 → C3
such that
‖TC‖ ≤ ‖TA‖
1−θ‖TB‖
θ.
3. Arbitrary locally compact groups
A major theme in this paper is the connection between the C*-algebras C∗(PF∗p(G)) and
C∗Lp(G) when G is a locally compact group and 2 ≤ p ≤ ∞. We begin by considering these
C*-algebras for arbitrary locally compact groups, though we will soon specialize to particular
classes of locally compact groups. We begin with the following generalization of Hulanicki’s
classical characterization of amenability.
Proposition 3.1. The following are equivalent for a locally compact group G and 1 < p <∞.
(i) G is amenable;
(ii) The trivial representation 1G : G→ C extends to a ∗-representation of PF
∗
p(G).
Proof. We may assume without loss of generality that 1 < p ≤ 2 since PF∗p(G) = PF
∗
q(G) when
q is the conjugate of p. We may further assume that p < 2 since Hulanicki’s theorem applies to
C∗r (G) = PF
∗
2(G).
Suppose G is not amenable. Then, by Hulanicki’s theorem, there exists a non-negative func-
tion f ∈ L1(G) so that
‖f‖C∗r (G) <
∫
G
f(s) ds = ‖f‖L1(G).
Choose θ ∈ (0, 1) so that
1
p
=
1− θ
1
+
θ
2
.
Then
‖f‖PF∗p(G) ≤ ‖f‖
1−θ
1 ‖f‖
θ
C∗r (G)
<
∫
G
f(s) ds
by Lemma 2.2(a). Since ∗-representations of Banach ∗-algebras are contractive, we deduce 1G
does not extend to a ∗-representation of PF∗p(G).
Next assume G is amenable. Then 1G extends to a ∗-representation of PF
∗
p(G) since the
identity map on L1(G) extends to a contractive ∗-homomorphism PF∗p(G)→ C
∗
r (G) by Lemma
2.2 and 1G extends to a ∗-representation of C
∗
r (G). 
The following lemma establishes an initial connection between PF∗p(G) and C
∗
Lp(G) for 2 ≤
p ≤ ∞. This Lemma will play a crucial role throughout the entire paper.
Lemma 3.2. Let G be a locally compact group and 2 ≤ p ≤ ∞. The identity map on L1(G) ex-
tends to a contractive ∗-homomorphism PF∗p(G)→ C
∗
Lp(G) with the dense image. In particular,
identity map on L1(G) extends to a surjective ∗-homomorphism C∗(PF∗p(G))→ C
∗
Lp(G).
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Proof. Let q be the conjugate of p. If f ∈ Cc(G), then Lemma 2.4 and Equation (2.1) imply
‖f‖C∗
Lp
(G) ≤ lim inf
n→∞
∥∥∥(f∗ ∗ f)(∗n)∥∥∥
1
2n
Lq(G)
≤ lim inf
n→∞
∥∥∥λq(f∗ ∗ f)(∗[n−1])
∥∥∥
1
2n
B(Lq(G))
‖f∗ ∗ f‖
1
2n
Lq(G)
≤ ‖λq(f
∗ ∗ f)‖
1
2
B(Lq(G))
= ‖λq(f
∗)λq(f)‖
1
2
B(Lq(G))
≤ ‖λq(f
∗)‖
1
2
B(Lq(G))‖λq(f)‖
1
2
B(Lq(G))
= ‖λp(f)‖
1
2
B(Lp(G))‖λq(f)‖
1
2
B(Lq(G))
≤ ‖f‖PF∗p(G).

Let us pause to note a critical application of the previous results to C∗(PF∗p(G)).
Corollary 3.3. Let G be a locally compact group.
(a) If 2 ≤ p′ ≤ p ≤ ∞, then the identity map on L1(G) extends to quotients
C∗(G)→ C∗(PF∗p(G))→ C
∗(PF∗p′(G))→ C
∗
r (G);
(b) C∗(PF∗2(G)) = C
∗
r (G);
(c) C∗(PF∗∞(G)) = C
∗(G);
(d) If C∗(PF∗p(G)) = C
∗(G) for some 2 ≤ p <∞, then G is amenable.
(e) C∗(PF∗p(G)) is an exotic group C*-algebra of G whenever C
∗
Lp(G) is an exotic group C*-
algebra of G for 2 < p <∞.
Proof. (a) The identity map on L1(G) extends to a contraction PF∗p(G)→ PF
∗
p′(G) by Lemma
2.2.
(b) C∗(PF∗2(G)) = C
∗(C∗r (G)) = C
∗
r (G).
(c) C∗(PF∗∞(G)) = C
∗(L1(G)) = C∗(G).
(d) If the trivial representation of G extends to a ∗-representation of PF∗p(G), then G is
amenable by Proposition 3.1.
(e) This is immediate from Lemma 3.2 and part (d). 
The above corollary shows the C*-algebras C∗(PF∗p(G)) share a remarkable number of simi-
larities to C∗Lp(G) for 2 ≤ p ≤ ∞. Hence it is natural to ask the following question.
Question 3.4. Is C∗Lp(G) canonically ∗-isomorphic to C
∗(PF∗p(G)) for every locally compact
group G and 2 ≤ p ≤ ∞?
This question is shown to have an affirmative answer for many groups in the following sections.
3.1. The Cowling-Haagerup-Howe Theorem. In this section, we start by providing a sim-
ple proof of the well-known Cowling-Haagerup-Howe Theorem (see [14, Theorem 1]). We recall
that for unitary representations π and σ of a locally compact group G, we say that π is weakly
contained in σ if (and only if) for all f ∈ L1(G),
‖π(f)‖ ≤ ‖σ(f)‖.
9The concept of weak containment for representations appears regularly and has numerous appli-
cation. One of them is the fundamental result of Hulanick stating that a locally compact group
is amenable if and only if the left regular representation weakly contains all unitary representa-
tions. The following theorem has a similar spirit to Hulanicki’s theorem by providing sufficient
conditions that can replace the amenability.
Theorem 3.5 (Cowling-Haagerup-Howe Theorem). Let G be a locally compact group. If π :
G→ B(Hπ) is a unitary representation of G with a cyclic vector ξ ∈ Hπ so that
πξ,ξ ∈ L
2+ǫ(G),
then π is weakly contained in the left regular representation of G.
Proof. Observe that for every p > 2, π is an Lp-representation since πη,η ∈ L
2+ǫ(G) for every η
in the dense subspace
H0 := span{π(s)ξ : s ∈ G}
of Hπ. Hence, by Lemma 3.2,
‖π(f)‖ ≤ ‖f‖C∗
Lp
(G) ≤ ‖f‖PF∗p(G)
for every p > 2. Fix f ∈ L1(G). Then, by Lemma 2.2(a),
‖π(f)‖ ≤ ‖f‖PF∗ 2
1−θ
(G) ≤ ‖f‖
1−θ
PF∗2(G)
‖f‖θPF∗
∞
(G) = ‖f‖
1−θ
C∗r (G)
‖f‖θL1(G)
for every θ ∈ (0, 1). Hence, ‖π(f)‖ ≤ ‖f‖C∗r (G). 
As a natural generalization of the Cowling-Haagerup-Howe Theorem, Buss, Echterhoff and
Willett ask whether
BLp(G) =
⋂
ǫ>0
BLp+ǫ(G)
for every locally compact group G and 2 ≤ p < ∞ (see [9]). We conjecture the answer to this
question is yes.
Conjecture 3.6. If G is a locally compact group and 1 ≤ p ≤ ∞, then C∗Lp(G) = C
∗
Lp+(G) for
every 1 ≤ p ≤ ∞. Equivalently, BLp(G) =
⋂
ǫ>0BLp+ǫ(G) for every locally compact group G
and 2 ≤ p ≤ ∞.
We verify the analogue of Conjecture 3.6 is true for C∗(PF∗p(G)), i.e., that
BPF∗p(G) =
⋂
ǫ>0
BPF∗p+ǫ(G)
for every locally compact group G and 2 ≤ p <∞. In particular, Conjecture 3.6 has a positive
solution if Question 3.4 is true. This result will be used when working with Kunze-Stein groups.
Proposition 3.7. Let G be a locally compact group and f ∈ L1(G). The map
[1,∞] ∋ p 7→ ‖f‖PF∗p(G) ∈ [0,∞)
is continuous.
Proof. Since PF∗p(G) = PF
∗
q(G) for p, q ∈ [1,∞] satisfying
1
p +
1
q = 1, it suffices to verify this
map is continuous when restricted to [1, 2].
Fix 1 < p ≤ 2. Let pθ be the unique element of (1, p) satisfying
1
pθ
=
1− θ
1
+
θ
p
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for θ ∈ (0, 1). Then
‖f‖PF∗pθ (G)
≤ ‖f‖1−θ
L1(G)
‖f‖θPF∗p(G)
for every θ ∈ (0, 1) by Lemma 2.2(a). Allowing θ → 1−, we deduce
lim sup
p′→p−
‖f‖PF∗
p′
(G) ≤ ‖f‖PF∗p(G)
and, hence, limp′→p− ‖f‖PF∗
p′
(G) = ‖f‖PF∗p(G).
Next we consider p ∈ [1, 2). For each θ ∈ (0, 1), let pθ be the unique element of (p,∞)
satisfying
1
p
=
1− θ
1
+
θ
pθ
Then, by Lemma 2.2(a),
‖f‖PF∗p(G) ≤ ‖f‖
1−θ
L1(G)
‖f‖θPF∗pθ (G)
for every θ ∈ (0, 1). Allowing θ → 1−, we deduce
lim inf
p′→p+
‖f‖PF∗
p′
(G) ≥ ‖f‖PF∗p(G)
Thus limp′→p+ ‖f‖PF∗
p′
(G) = ‖f‖PF∗p(G). 
Corollary 3.8. Let G be a locally compact group and f ∈ L1(G). The map
[2,∞] ∋ p 7→ ‖f‖C∗(PF∗p(G))
is right continuous. Equivalently,
BPF∗p(G) =
⋂
ǫ>0
BPF∗p+ǫ(G)
for every 2 ≤ p <∞.
Proof. Let p ≥ 2. A representation π of G extends to ∗-representation of PF∗p+ǫ(G) for every
ǫ > 0 if and only if
‖π(f)‖ ≤ ‖f‖PF∗p+ǫ(G) (f ∈ L
1(G), ǫ > 0)
if and only if
‖π(f)‖ ≤ ‖f‖PF∗p(G) (f ∈ L
1(G))
by Lemma 2.2(b) and Proposition 3.7 which is equivalent to the statement that π extends to a
∗-representation of PF∗p(G). So
‖f‖C∗(PF∗p(G)) = infǫ>0
‖f‖C∗(PF∗p+ǫ(G)).

Remark 3.9. Let G be a locally compact group. The map
[2,∞] ∋ p 7→ ‖f‖C∗(PF∗p(G))
is not necessarily left continuous. Indeed, suppose that G has Kazhdan property (T). Then
there exists f ∈ L1(G) and ǫ > 0 so that
‖π(f)‖ ≤
∣∣∣∣
∫
G
f(s) ds
∣∣∣∣− ǫ
11
for every unitary representation π of G not containing 1G as a subrepresentation (see [2]). Hence,
‖f‖C∗(PF∗p(G)) ≤
∣∣∣∣
∫
G
f(s) ds
∣∣∣∣− ǫ < ‖f‖C∗(G)
for every p <∞, and so,
lim
p→∞
‖f‖C∗(PF∗p(G)) 6= ‖f‖C∗(G).
4. Integrable Haagerup property
A locally compact group G has the Haagerup property or property C0 if
B(G) = B0(G)
σ(B(G),C∗(G))
.
Equivalently, G has the Haagerup property if and only if there exists a net {φi} ⊂ C0(G) of
normalized positive definite functions so that φi → 1 uniformly on compact subsets of G (see
[12]). We will require a refinement of this concept for our purposes. Many of the most important
examples of groups with the Haagerup property will satisfy this refinement.
Definition 4.1. A locally compact group G has the integrable Haagerup property if
B(G) =
⋃
1≤p<∞
BLp(G)
σ(B(G),C∗(G))
.
Equivalently, G has the integrable Haagerup property if there exists positive definite functions
{φi} ⊂
⋃
1≤p<∞
Lp(G)
so that φi → 1 uniformly on compact subsets of G.
Though not named, this property was studied earlier by Buss, Echterhoff and Willett in [9].
Every group possessing the integrable Haagerup property necessarily has the Haagerup property
since Lp(G) ∩B(G) ⊂ B0(G) for every 1 ≤ p <∞ as every function in B(G) is (left) uniformly
continuous and Haar measure is left invariant. Let us begin by noting Conjecture 3.6 is satisfied
by groups with the integrable Haagerup property.
Proposition 4.2. If G is a locally compact group with the integrable Haagerup property, then
the map
[1,∞] ∋ p 7→ ‖f‖C∗
Lp
(G)
is continuous for every f ∈ L1(G). In particular,
C∗Lp(G) = C
∗
Lp+(G)
for every 1 ≤ p ≤ ∞.
Proof. Since C∗Lp(G) = C
∗
r (G) for each 1 ≤ p < 2, this map is constant and, hence, continuous
on [1, 2). In particular, we have shown the map to be continuous at p = 1.
Let u ∈
⋂
ǫ>0BLp+ǫ(G) and p ∈ (1,∞). Choose a net {ui} ⊂
⋃
1≤p<∞BLp(G) of positive
definite functions converging to 1 uniformly on compact subsets of G. Then the net {uui}
belongs to
⋃
0<ǫ≤p−1BLp−ǫ(G), by [37, Proposition 4.5], and converges to u uniformly on compact
subsets of G. Hence,
⋂
ǫ>0
BLp+ǫ(G) =
⋃
0<ǫ≤p−1
BLp−ǫ(G)
σ(B(G),C∗(G))
,
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and so,
lim
p′→p+
‖f‖C∗
Lp
′
(G)
= lim
p′→p−
‖f‖C∗
Lp
′
(G)
.
It follows that [1,∞] ∋ p 7→ ‖f‖C∗
Lp
(G) is continuous. 
Corollary 4.3. If G is a nonamenable locally compact group with the integrable Haagerup
property, then G admits 2ℵ0 mutually non-canonically isomorphic exotic group C*-algebras of
the form C∗Lp(G).
Proof. If G has the integrable Haagerup property, then there exists a net {ui} of positive definite
function in
⋃
1≤p<∞BLp(G) converging to 1 uniformly on compact subsets of G. Then {ui} 6⊆
Br(G) := C
∗
r (G)
∗ since G is nonamenable and, hence, there exists 2 < p <∞ so that Br(G) (
BLp(G). As such,
‖ · ‖C∗
Lp
(G) 6= ‖ · ‖C∗r (G).
The result now follows by the preceding proposition. 
The rest of this section is devoted to present various classes of groups with the integrable
Haagerup property. We first note that groups known to have the Haagerup property tend to be
geometric in nature. Indeed, examples of groups with the Haagerup property often possess a
natural, isometric action of G on a metric space (X, d) such that the map
G ∋ s 7→ d(sx0, x0)
is a proper conditionally negative definite function for some x0 ∈ X. In this case, the positive
definite functions φt : G → [0, 1] defined by φt(s) = e
−td(sx0,x0) belong to C0(G) for every
t ∈ (0,∞) and converge pointwise to 1 uniformly on compact sets of G as t→ 0+. In such cases,
the functions φt frequently belongs to
⋃
1≤p<∞L
p(G). Such groups will be our main source of
examples for groups with the integrable Haagerup property.
Remark 4.4. Suppose G is a locally compact group and ψ : G → [0,∞) is measurable. As a
matter of notation, we will let φt,ψ : G→ [0, 1] be the function defined by
φt,ψ(s) := e
−tψ(s)
for s ∈ G and t ∈ (0,∞). If φt0,ψ ∈ L
p(G) for some t0 ∈ (0,∞) and 0 < p < ∞, then
φt,ψ ∈ L
pt0
t (G) for every t ∈ (0,∞) since
φt,ψ(s) = (φt0,ψ)
t
t0 .
In particular, φt,ψ ∈
⋃
1≤p<∞L
p(G) for some t ∈ (0,∞) if and only if φt,ψ ∈
⋃
1≤p<∞ L
p(G)
for every t ∈ (0,∞). We should point out that since each φt,ψ is a bounded fucntion, then
φt,ψ ∈ L
p(G) for some p > 0 implies that φt,ψ ∈ L
p′(G) for every p′ > p.
Suppose G is a compactly generated group and V is compact symmetric neighbourhood of
e ∈ G that generates G. The word length function LV : G→ [0,∞) is defined by
LV (s) =
{
min{n ∈ N : s ∈ V n}, if s 6= e
0, if s = e.
Our main method of showing a conditionally negative definite function ψ satisfies φt,ψ ∈
⋃
1≤p<∞L
p(G)
for such groups G will be to compare the growth rate of ψ against LV for some V .
The following Lemma has been obtained in the case of finitely generated discrete groups by
Buss, Echterhoff, and Willett (see [9, Lemma 7.3]).
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Lemma 4.5. Let G be a compactly generated group and V a compact symmetric neighbourhood
of e ∈ G that generates G. If ψ : G → [0,∞) is a measurable function of G such that there
exists a compact subset K of G and c > 0 so that ψ(s) ≥ cLV (s) for every s ∈ G\K, then
φt,ψ ∈
⋃
1≤p<∞L
p(G) for every t ∈ (0,∞).
Proof. It suffices to show φt,LV ∈
⋃
1≤p<∞ L
p(G) since φt,ψ is bounded and
φt,ψ(s) ≤ φct,LV
for all s ∈ G\K. Let
C := lim
n→∞
ν(V n)
1
n ,
where ν denotes the left Haar measure of G (This limit exists and it is a finite number greater
or equal to 1; see [31, Theorem 1.5]). Then
∫
G
φct,LV (s)
p ds ≤ ν({e}) +
∞∑
n=1
ν(V n)e−ptn = ν({e}) +
∞∑
n=1
(
ν(V n)
1
n e−pt
)n
<∞
when p > logCt by the root test. 
Example 4.6. The following groups have the integrable Haagerup property.
(a) Let 2 ≤ d <∞ and | · | be the canonical word length function for Fd. Then | · | is a negative
definite function (see [17]), and so, φt,|·| ∈
⋃
1≤p<∞ ℓ
p(Fd).
(b) Let (W,S) be a finite coxeter system. The word length function | · | is negative definite (see
[4]) and, hence, the positive definite functions W ∋ s 7→ e−t|s| belong to
⋃
1≤p<∞ ℓ
p(W ).
Lemma 4.7. Suppose (X, d) is a locally compact, geodesic metric space and G is a locally
compact group acting on X by isometries. If the action of G on X is cocompact and proper,
then for every compact subset K ⊆ X for which X = G ·K, there exists a compact symmetric
neighbourhood V of e ∈ G and c > 0 so that s ∈ V n whenever
d(sK,K) ≤ cn
for s ∈ G and n ∈ N.
Proof. Let K be a compact subset of X such that X = G ·K. There exists c > 0 so that
B := {x ∈ X : d(x,K) ≤ c}
is compact since X is locally compact. As such, the set
{s ∈ G : sB ∩B 6= ∅}
is compact since the action ofG onX is proper. Next observe that if s ∈ G satisfies d(sK,K) ≤ c,
then there exists x, y ∈ K so that d(sx, y) ≤ c since K is compact. Then s−1y ∈ B since
d(sx, y) = d(x, s−1y) and, so, y ∈ sB ∩K ⊂ sB ∩B. In particular,
V := {s ∈ G : d(sK,K) ≤ c}
is compact by virtue of being contained in {s ∈ G : sB ∩ B 6= ∅}. Further, V is a symmetric
neighbourhood of e ∈ G. We will show these choices of V and c produce the desired result by
induction on n.
If n = 1, then the result trivially holds by the definition of V . Suppose the result is true for
some fixed n ∈ N and d(sK,K) ≤ c(n + 1) for some s ∈ G. Then there exists x, y ∈ K so that
d(sx, y) ≤ c(n + 1) as K is compact. Since X is a geodesic metric space, there exists x′ ∈ X
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such that d(sx, x′) ≤ c and d(x′, y) ≤ cn. We can write x′ = ty′ for some t ∈ G and y′ ∈ K since
X = G ·K. Then t ∈ V n by the induction hypothesis. So
d(t−1sK,K) ≤ d(t−1sx, y′) = d(sx, x′) ≤ c
implying t−1s ∈ V and, hence, that s ∈ V n+1. This completes the induction. 
Corollary 4.8. Let G be a compactly generated group acting properly and cocompactly by isome-
tries on a geodesic metric space (X, d). If x0 ∈ X and ψ : G→ [0,∞) is the function defined by
ψ(s) = d(sx0, x0), then φt,ψ ∈
⋃
1≤p<∞ L
p(G) for every t ∈ (0,∞).
Proof. Let K ⊆ X be a compact subset containing x0 so that X = G · K. By the preced-
ing lemma, there exists a compact symmetric neighbourhood V of e ∈ G and c > 0 so that
d(sK,K) ≤ cn implies s ∈ V n for s ∈ G and n ∈ N. So
ψ(s) ≥ d(sK,K) > c(LV (s)− 1)
for every s ∈ G. Thus φt,ψ ∈
⋃
1≤p<∞ L
p(G) for every t ∈ (0,∞) since
φt,ψ ≤ e
c(φt,LV )
c
and φt,LV ∈
⋃
1≤p<∞L
p(G) by Lemma 4.5. 
Example 4.9. Suppose a locally compact group G acts properly and cocompactly on real or
complex n-dimensional hyperbolic space Hn (e.g., G = SO(n) or G = SU(n)). If x0 ∈ Hn
is arbitrary, then ψ : G → [0,∞) defined by ψ(s) = d(sx0, x0) is a negative definite function
satisfying the assumption of Corollary 4.8 (see [16]). In particular, G has the integrable Haagerup
property.
Remark 4.10. Recall that if X is a CAT(0) cube simplex with vertex x0 ∈ X, and G acts
isometrically on X, then G ∋ s 7→ dc(sx0, x0) is a conditionally negative definite function where
dc denotes the combinatorial distance on the 1-skeleton of X (see [28]). In particular, Corollary
4.8 implies ifX is locally finite and the action of G onX is proper and cocompact, then G has the
integrable Haagerup property since dc(sx0, x0) ≥ d(sx0, x0) for all s ∈ G, where d denotes the
usual geodesic distance on X. In this case X is necessarily finite dimensional and the number
of cubes each vertex intersects is uniformly bounded. Indeed, since the action of G on X is
cocompact, there exists a compact subsets K ⊆ X so that X = G ·K. Let
K ′ = {x ∈ X : x is a vertex and K ∩ C 6= ∅ for some cube C in X containing x}.
Then K ′ is finite and G ·K ′ is the set of all vertices contained in X. In particular, the degree
of each vertex in the 1-skeleton of X is at most
max{degree(x) : x ∈ K ′} <∞.
Hence, X is finite dimensional and the number of cubes each vertex in X intersects is uniformly
bounded.
The following proposition improves upon the preceding remark and, in particular, shows that
if G is a closed subgroup of AutT for some tree T whose vertices have uniformly bounded degree,
then G has the integrable Haagerup property.
Proposition 4.11. Suppose G is a locally compact group acting properly by isometries on a
finite dimensional CAT(0) cube complex X such that the number of cubes each vertex intersects
is uniformly bounded. Let x0 be a vertex of X and dc denote the combinatorial distance on
the 1-skeleton of X. The conditionally negative definite function ψ : G → [0,∞) defined by
ψ(s) = dc(sx0, x0) satisfies φt,ψ ∈
⋃
1≤p<∞ L
p(G) for every t ∈ (0,∞).
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Proof. Let n be the dimension of X and m the upper bound for the maximum number of cubes
any vertex in X intersects. Then the degree of every vertex in the 1-skeleton of X is at most
mn. Hence,
Sk(x0) := {x ∈ X : x is a vertex, dc(x, x0) = k}
contains at most mn(mn− 1)k−1 vertices for k ∈ N.
Let
H = Stab(x0) = {s ∈ G : sx0 = x0}.
Then H is an open compact subgroup of G since the action of G on X is proper and, so, we
may normalize the Haar measure on G so that the measure of H is 1. If s, t ∈ G, then sH = tH
if and only if sx0 = tx0. So ∫
G
|φ1,ψ(s)|
p ds
=
∑
s˙∈G/H
∫
H
e−pdc(shx0,x0) dh
=
∑
s˙∈G/H
e−pdc(sx0,x0)
=
∑
k≥0
∑
s˙∈G/H,
dc(sx0,x0)=k
e−pk
≤
∑
k≥0
|Sk(x0)|e
−pk
≤
∑
k≥0
mn(mn− 1)k−1e−pk
< ∞
when p > log(mn− 1). 
5. Characterizations of positive linear functionals
5.1. Kunze-Stein groups. In 1960 Kunze and Stein observed that if G = SL(2,R), then the
convolution product
(5.1) m : Cc(G)× Cc(G)→ Cc(G) , (f, g) 7→ f ∗ g
extends to a bounded bilinear map Lq(G) × L2(G) → L2(G) for every 1 ≤ q < 2 (see [25]).
Inspired by this, Cowling defined a locally compact group G to be a Kunze-Stein group if it has
the Kunze-Stein phenomenon, i.e. (5.1) extends to a bounded bilinear map Lq(G) × L2(G) →
L2(G) for every 1 ≤ q < 2 (see [13]). Cowling showed a connected semisimple Lie group with
finite center has the Kunze-Stein phenomenon and, further, that an almost connected locally
compact group G is a Kunze-Stein group if and only if its approximating Lie groups are reductive
(see [13]). Other examples of Kunze-Stein groups include every p-adic semisimple Lie group (see
[38]) and certain automorphism groups of trees (see [27]).
Before proving results about exotic group C*-algebras of Kunze-Stein groups, we show a
variation of the Kunze-Stein phenomenon holds for Kunze-Stein groups.
Proposition 5.1. Let G be a Kunze-Stein group and 1 < q ≤ 2. If p is the conjugate of q, then
Equation (5.1) extends to bounded bilinear maps
Lq
′
(G)× Lq(G)→ Lq(G) and Lq
′
(G)× Lp(G)→ Lp(G)
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for every 1 ≤ q′ < q.
Proof. We may assume that q < 2 since the result is given by the definition of a Kunze-Stein
group when q = 2. We will further initially assume that G is σ-compact.
Let 1 ≤ q′ < q. Equation (5.1) extends to bounded bilinear maps
L1(G)× L1(G)→ L1(G) and Lq0(G) × L2(G)→ L2(G)(5.2)
for every 1 ≤ q0 < q. Let θ = 2−
2
q and set q0 =
θ
1
q′
−(1−θ)
. Then
(5.3)
1
q′
=
1− θ
1
+
θ
q0
and
1
q
=
1− θ
1
+
θ
2
.
In particular, 1 < q0 < 2 and we have the complex interpolation pairs
(L1(G), Lq0(G))θ = L
q′(G) , (L1(G), L2(G))θ = L
q(G).
It now follows immediately from Theorem 2.5 and Equation (5.2) that Equation (5.1) extends
to a bounded bilinear map Lq
′
(G)×Lq(G)→ Lq(G). It also follows from (5.3) that
1
p
=
θ
2
.
In particular, we have the complex interpolation pairs
(Lq0(G), L1(G))1−θ = L
q′(G) , (L2(G), L∞(G))1−θ = L
p(G).
Since the convolution product defines a bounded bilinear map from L1(G)×L∞(G) into L∞(G),
it follows as above that Equation (5.1) extends to a bounded bilinear map Lq
′
(G)×Lp(G) →
Lp(G).
Next, we deal with the case when G is not necessarily σ-compact. Suppose towards a contra-
diction that Equation 5.1 does not extend to a bounded linear map Lq
′
(G) × Lq(G) → Lq(G).
Then there exists sequences {fn} ⊆ L
q′(G) and {gn} ⊆ L
q(G) with ‖fn‖Lq′ (G) ≤ 1 and ‖gn‖ ≤ 1
so that ‖gn‖Lq(G) ≤ 1 so that ‖fn ∗ gn‖Lq(G) → ∞. Since the sets f
−1
n (C\{0}) and g
−1
n (C\{0})
coincide with σ-compact sets almost everywhere for n ∈ N, we can find an open, σ-compact
subgroup G′ of G so that f−1n (C\{0}) ⊆ G
′ and g−1n (C\{0}) ⊆ G
′ modulo null sets for n ∈ N.
Then
‖(fn|G′) ∗ (gn|G′)‖Lq(G′) = ‖fn ∗ gn‖Lq(G) →∞.
This contradicts the fact Equation 5.1 extends to a bounded bilinear map Lq
′
(G′)×Lq(G′) →
Lq(G′). The proof Equation 5.1 extends to a bounded bilinear map Lq
′
(G′)×Lp(G′) → Lp(G′)
is similar. 
The following corollary is an immediate consequence of the previous proposition.
Corollary 5.2. Let G be a Kunze-Stein group and 1 ≤ q ≤ p ≤ ∞ with 1p +
1
q = 1. The identity
map on Cc(G) extends to a bounded linear map L
q′(G)→ PF∗p(G) for each 1 ≤ q
′ < q.
From the preceding results, we deduce the following characterization of those representations
of G that extend to ∗-representations of C∗Lp+(G) and C
∗(PF∗p(G)). Note that the following
also characterizes representations of G that extend to ∗-representations of C∗Lp(G) for groups
satisfying Conjecture 3.6 (such as groups with the integrable Haagerup property).
Theorem 5.3. Suppose G is a Kunze-Stein group and 2 ≤ p <∞. The following are equivalent
for a unitary representation π of G.
(i) π extends to a ∗-representation of C∗Lp+(G);
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(ii) π extends to a ∗-representation of C∗(PF∗p(G));
(iii) Bπ ⊆ L
p+ǫ(G) for every ǫ > 0.
In particular, C∗Lp+(G) = C
∗(PF∗p(G)). If, in addition, G has the integrable Haagerup property,
then
C∗Lp(G) = C
∗
Lp+(G) = C
∗(PF∗p(G)).
Proof. (i) =⇒ (ii): Let f ∈ L1(G). Then, by Lemma 3.2 and Proposition 3.7,
‖f‖C∗
Lp+
(G) = lim
p′→p+
‖f‖C∗
Lp
′
(G) ≤ lim
p′→p+
‖f‖PF∗
p′
(G) = ‖f‖PF∗p(G).
Thus the identity map on L1(G) extends to a ∗-homomorphism C∗(PF∗p(G))→ C
∗
Lp+(G).
(ii) =⇒ (iii): Let q be the conjugate of p. Then Lq
′
(G) embeds continuously and densely
inside PF∗p(G) for every q
′ < q by Corollary 5.2. Hence,
C∗(PF∗p(G))
∗ ⊆ PF∗p(G)
∗ ⊆ Lp
′
(G)
for every p′ > p.
(iii) =⇒ (i): This is clear since π is an Lp+ǫ-representation for every ǫ > 0.
The final result follows from Proposition 4.2. 
Remark 5.4. Since a positive definite function φ of G is an element of BLp(G) whenever
φ ∈ Lp(G) (see [6]), the preceding theorem immediately implies φ extends to a positive lin-
ear functional on C∗Lp+(G) if and only if φ extends to a positive linear functional on C
∗(PF∗p(G))
if and only if φ ∈
⋂
ǫ>0 L
p+ǫ(G) when G is a Kunze-Stein group and 2 ≤ p <∞.
As an immediate consequence of Theorem 5.3, we give a near solution to the conjecture of
Cowling discussed in the introduction (see Conjecture 1.4).
Corollary 5.5. Let G be a Kunze-Stein group, π : G → B(Hπ) a unitary representation of G
with cyclic vector ξ ∈ Hπ, and 2 < p <∞. If πξ,ξ ∈ L
p+ǫ(G) for every ǫ > 0, then
Bπ ⊆ L
p+ǫ(G)
for all ǫ > 0 This, in particular, holds if πξ,ξ ∈ L
p(G).
Proof. Observe that π is an Lp+ǫ-representation of G for every ǫ > 0 since
H0 := {π(s)ξ : s ∈ G}
is a dense subspace of Hπ satisfying πη,η ∈ L
p+ǫ(G) for every η ∈ H0 and ǫ > 0. Hence, π
extends to a ∗-representation of C∗Lp+(G). So the result follows by the equivalence of (i) and
(iii) in Theorem 5.3. Finally, we note that since πξ,ξ is a bounded function, the assumption of
πξ,ξ ∈ L
p(G) implies that πξ,ξ ∈ L
p+ǫ(G) for every ǫ > 0. 
Recall that if πr denotes the complementary series of SL(2,R) (−1 < r < 0), then πr → 1G in
the Fell topology as r → 0− and Aπr ⊂ L
p(SL(2,R)) for 2 < p ≤ ∞ if and only if r ∈ (2p−1, 0) (see
[25, Theorem 10]). Hence, SL(2,R) has the integrable Haagerup property and we immediately
deduce the following characterization of the second author eluded to in the introduction and
from which Theorem 1.2 is an immediate consequence.
Corollary 5.6 (Wiersma [37, Lemma 7.1]). The complementary representation πr (−1 < r < 0)
extends to a ∗-representation of C∗Lp(G) if and only if r ∈ [
2
p − 1, 0).
As a further consequence of Theorem 5.3, we provide a simple condition for non-amenable
Kunze-stein groups G which guarantees the C*-algebra C∗Lp(G) are pairwise distinct for 2 ≤ p ≤
∞.
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Corollary 5.7. Let G be a non-amenable Kunze-Stein group. If G admits a conditionally
negative definite function ψ : G → [0,∞) so that φt,ψ ∈
⋃
1≤p<∞L
p(G) for every t ∈ (0,∞),
then the canonical quotient
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 2 ≤ p′ < p ≤ ∞.
Proof. The case of p = ∞ follows from Corollary 3.3, parts (c) and (d). Now suppose that
p <∞. Since G is not amenable, there exists t0 so that φt0,ψ 6∈ Br(G). Set
p0 := inf{p : φt0,ψ ∈ L
p(G)} > 2.
Then
φt,ψ = (φt0,ψ)
t
t0 ∈
⋂
ǫ>0
Lp0+ǫ(G)
if and only if t ≥ t0. It follows that
φt,ψ ∈
⋂
ǫ>0
Lp+ǫ(G)
for 2 ≤ p <∞ if and only if t ≥ p0t0p . As G has the integrable Haagerup property, Theorem 5.3
implies φt,ψ = (φt0,ψ)
t0
t extends to a positive linear functional on C∗Lp(G) if and only if p ≥
p0t0
t .
This completes the proof. 
Example 5.8. If G = SU(n, 1) or G = SO(n, 1) for n ≥ 1, then the canonical quotient
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 2 ≤ p′ < p ≤ ∞ by Example 4.9 and Corollary 5.7.
Example 5.9. Let Td denote the homogeneous tree of degree d ≥ 3. Nebbia shows in [27] that
if G is a closed subgroup of AutTd and G acts transitively on the boundary of Td, then G is a
Kunze-Stein group. If G is also non-compact (hence, nonamenable), then Proposition 4.11 and
Corollary 5.7 imply the canonical quotient
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 2 ≤ p′ < p ≤ ∞. In particular, this is true for G = AutTd for d ≥ 3 and for
G = SL(2, κ) when κ is a non-Archimedean local field (see [34]).
5.2. Groups with rapid decay property. A length function of a locally compact group G
is a symmetric, Borel function L : G → [0,∞) so that L(e) = 0 and L(st) ≤ L(s) + L(t) for
all s, t ∈ G. The most common example of a length function are the word length function
associated to a symmetric generating set for a compactly generated group, but there are other
examples as well. For example, if G is a locally compact group acting isometrically on a metric
space (X, d) and x0 ∈ X, then
G ∋ s 7→ d(sx0, x0)
is a length function.
Given a length function L and d ≥ 0, the polynomial weight associated to L with degree d is
defined by
ωd(s) = (1 + L(s))
d (s ∈ G).
for all s, t ∈ G. For every p ∈ [1,∞), we define the weighted Lp-space
Lp(G,ωd) := L
p(G,ωpddν),
19
where ν is the left Haar measure on G. We also denote the norm on Lp(G,ωd) by ‖ · ‖Lp(ωd), i.e.
‖f‖Lp(G,ωd) = ‖fωd‖Lp(G) (f ∈ L
p(G,ωd)).
Suppose L is a length function on G. We say G has rapid decay with respect to L (or (G,L)
has rapid decay) if, for some d > 0,
L2(G,ωd) ⊆ C
∗
r (G),
i.e., the canonical inclusion Cc(G) ⊆ C
∗
r (G) extends to a bounded linear map L
2(G,ωd) →
C∗r (G). In this case, as in [29], we define rapid-decay degree of G with respect to L to be
rd(G) := inf{d : L2(G,ωd) ⊆ C
∗
r (G)}.
Clearly, (G,L) has rapid decay if and only if rd(G) <∞. All groups with rapid decay are uni-
modular (see [18]) and, further, an amenable group has rapid decay if and only if it is of polyno-
mial growth [19]. In the case where G has polynomial growth, it is known that rd(G) = d(G)/2,
where d(G) is the degree of the growth of G. It is further known that 1 ≤ rd(Fn) ≤ 3/2 for
every n ∈ N with respect to the word length (see [29, Section 4]).
Suppose G is a compactly generated locally compact group with compact symmetric gener-
ating neighbourhood V of e ∈ G. If L is any locally bounded length function on G, then there
exists c > 0 so that
LV (s) ≥ cL(s)
for all s ∈ G. In particular, G has the rapid decay property with respect to LV whenever G has
the rapid decay property with respect to some locally bounded length function L. Because of
this, we say a compactly generated locally compact group G has the rapid decay property if G
has the rapid decay property with respect to some (equivalently, any) word length function LV
associated to a compact, symmetric neighbourhood V of e ∈ G that generates G.
Suppose (G,L) has the rapid decay property. It is well-known that for any d > 0 satisfying
L2(G,ωd) ⊆ C
∗
r (G), the convolution product extends to a bounded operator on L
2(G,ωd), i.e.
up to a renorming, L2(G,ωd) is a Banach algebra under convolution product. In the following
Theorem, we present a generalization of this result to certain weighted Lq(G) spaces when
1 ≤ q ≤ 2. A partial result similar to ours was obtained in [26, Proposition 4.6] with a different
method.
Theorem 5.10. Suppose (G,L) has the rapid decay property and 1 ≤ q ≤ p ≤ ∞ with 1/p +
1/q = 1 and d > rd(G). Then convolution product on Cc(G) extends to a bounded multiplication
on Lq(G,ω 2d
p
) and, further, Lq(G,ω 2d
p
) ⊆ PF∗p(G).
Proof. We will assume G is σ-compact. The extension to the case when G is not necessarily
σ-compact follows as in the proof of Proposition 5.1.
Let ν be the left Haar measure on G, and set w0 = 1 and w1 = ω2d. Observe
1
q
=
1− θ
1
+
θ
2
=⇒ θ =
2
p
and, for θ as above,
w
q(1−θ)
1
0 w
qθ
2
1 = ω
qθ
2
2d = ω 2dq
p
.
Therefore it follows from (2.3), (2.4) and (2.5) that we have the following complex interpolation
pair
(5.4) (L1(G), L2(G,ωd))θ = L
q(G,ω 2d
p
) with θ := 2/p.
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Moreover, since convolution defines bounded bilinear maps from L1(G)×L1(G) into L1(G) and
also from L2(G,ωd) × L
2(G) into L2(G), it follows from Theorem 2.5 that it also defines a
bounded bilinear map from Lq(G,ω 2d
p
)× Lq(G) into Lq(G). In other words, the mapping
Lq(G,ω 2d
p
)→ B(Lq(G)) , f 7→ λq(f)
is a well-defined bounded linear map. On the other hand, groups with rapid decay are uni-
modular so that the standard involution on L1(G) also extends to an isometric involution on
Lq(G,ω 2d
p
). Hence, for every f ∈ Lq(G,ω 2d
p
)
‖λp(f)‖B(Lp(G)) = ‖λq(f
∗)‖B(Lq(G)) (by (2.1))
≤ C‖f∗‖Lq(G,ω 2d
p
)
= C‖f‖Lq(G,ω 2d
p
)
where C is the norm of the bounded linear map Lq(G,ω 2d
p
)→ B(Lq(G)). This implies
‖f‖PF∗p(G) ≤ C‖f‖Lq(G,ω 2d
p
)
and, so, the proof is complete. 
In the following critical theorem, among other things, we characterize positive linear func-
tionals on C∗Lp(G) when G possess both the integrable Haagerup property and the rapid decay
property.
Theorem 5.11. Let 2 ≤ p <∞. Suppose (G,L) has the rapid decay property, L is conditionally
negative definite, and φt,L ∈
⋃
1≤p<∞L
p(G) for every t ∈ (0,∞). The following are equivalent
for a positive definite function φ on G.
(i) φ extends to a continuous linear functional on C∗Lp(G);
(ii) φ extends to a continuous linear functional on C∗(PF∗p(G));
(iii) φ ∈ Lp(G,ω−1d ) for every d >
2
p rd(G);
(iv) φφt,L ∈ L
p(G) for every t ∈ (0,∞).
Proof. (i) =⇒ (ii): This is immediate from Lemma 3.2.
(ii) =⇒ (iii): This follows by Theorem 5.10.
(iii) =⇒ (iv): This is immediate since φt,L decays faster that
1
ωd
for every d > 0.
(iii) =⇒ (iv): Our assumption implies that for every t > 0, φφt,L extends to a positive linear
functional on C∗Lp(G). The result is now clear since φφt,L → φ as t→ 0
+ uniformly on compact
subsets of G. 
The above theorem immediately generalizes Okayasu’s characterization of positive definite
functions of Fd extending to positive linear functionals on Fd (see [30]). We deduce the following
as an immediate consequence.
Corollary 5.12. If G is a nonamenable locally compact group satisfying the conditions of The-
orem 5.11, then the canonical quotient
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 2 ≤ p′ < p ≤ ∞.
The proof of the preceding Corollary is similar to that of Corollary 5.7 and is omitted.
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Example 5.13. If G is either a noncommutative free group on finitely many generators or is a
finitely generated coxeter group, then G has the rapid decay property (see [17] and [11]) and the
standard length function is conditionally negative definite. In particular, the positive definite
functions on C∗Lp(G) are characterized by Theorem 5.11 and the canonical quotient map
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 2 ≤ p′ < p ≤ ∞.
Remark 5.14. Let G be a locally compact group acting properly and cocompactly by isometries
on a geodesic metric space (X, d). Further, suppose G has the rapid decay property and there
exists x0 ∈ X so that L : G → [0,∞) defined by L(s) = d(sx0, x0) is conditionally negative
definite. It follows from Lemma 4.5 that G has the rapid decay property with respect to L and
by Corollary 4.8 we know φt,L ∈
⋃
1≤p<∞L
p(G) for every t ∈ (0,∞). Hence, (G,L) satisfies the
hypothesis of Theorem 5.11 and Corollary 5.12.
Example 5.15. Let G be a nonamenable finitely generated group acting properly and co-
compactly on a CAT(0) space X with the isolated flats property, and x0 a vertex in X. Then
G has the rapid decay property (see [11]). Define L : G → [0,∞) by L(s) = d(sx0, x0). Then
Theorem 5.11 applies to (G,L) by Proposition 4.11 and the preceding remark. In particular,
the canonical quotient map
C∗Lp(G)→ C
∗
Lp′
(G)
is not injective for 2 ≤ p′ < p ≤ ∞.
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